By means of a unitary transformation, we study quantum phase transitions in the ground state of a two-qubit system interacting with a dissipative reservoir. First, the ground state phase diagram is analyzed in the presence of the Ohmic and subOhmic bath using an analytic ground state wave function which takes into account the competition between intrasite tunneling and intersite correlation. The quantum critical point is determined as the transition point from non-degenerate to degenerate ground state and our calculated critical coupling strength α c agrees with that from the numerical renormalization group method. Moreover, by computing the entanglement entropy between the qubits and the bath in the ground state, we explore the nature of the quantum phase transition between the delocalized and localized states.
I Introduction
Quantum phase transitions (QPT) in impurity models with competing interactions have been a subject of great interest in recent years. In this work we consider a twoqubit system coupled with a dissipative bath, in which the competing interactions are the intrasite tunneling, the qubit-bath coupling, and the intersite qubit-qubit interaction. The Hamiltonian for the interacting system and environment reads [1] [9] , and the variational matrix product state approach [10] . In addition, an extension of the Silbey-Harris [11] ground state has been recently employed by us [12] to study the QPT of the single-qubit SBM in the Ohmic (s = 1) and sub-Ohmic (s < 1)
bath.
For the two-qubit SBM described by Eq. (1) where the qubits interact with a common bath, the QPT may differ significantly from that of the single-qubit SBM because the qubit-bath interaction may induce an effective Ising-type ferromagnetic coupling between qubits which is superposed on the original Ising coupling K and leads to a renormalized Ising coupling (K − V )σ
, where −V is the induced coupling strength [1] . For the two-qubit SBM with the Ohmic bath (s = 1), McCutcheon et al. predicted variationally the quantum critical point (QCP) at α c = 0.5 in the absence of both bias (ǫ = 0)and direct Ising couple (K = 0) [13] . Using the numerical renormalization group, however, Orth et al. [1] arrived at α c ≈ 0.15.
In this work we present a new analytical approach based on a unitary transformation. We will show that due to the renormalized Ising coupling the QCP of the two-qubit SBM acquires a substantial shift as compared to that of the single-qubit case. In addition, the qubit-bath entanglement entropy will be calculated to see how the parameters in (1), ∆, α, and K, compete with each other and lead to the delocalizationlocalization transition.
The remainder of the paper is organized as follows. In Section II, the unitary transformation of the Hamiltonian is introduced, and the ground state properties are discussed. Implications of our results to the quantum phase transition are elaborated in Section III. The entanglement entropy between the qubits and the bath is studied in Section IV. Finally, conclusions are drawn in Section V.
II Unitary transformation
In order to find the ground state, we apply a unitary transformation on Hamiltonian (1), i.e., H ′ = exp(S)H exp(−S), with the generator S given by
where σ 0 is a number and ξ k is a function of ω k . Compared with the ground state of Ref. [13] , a finite number σ 0 is introduced to take into account the modified bias ǫ → ǫ ′ (when ǫ > 0) because of the qubit-bath interaction [14, 15] . The form of σ 0 and ξ k will be determined later. After the transformation, we obtain
where
is the environment dressing of the bare tunneling ∆, and
is the bath induced Ising-type interaction. Note that in H ′ 0 the Ising-type interaction is modified by the qubit-bath coupling: (5) is the modified bias which is related to the number σ 0 introduced in our transformation.b
With only the Ising-type interaction, the zeroth-order Hamiltonian H ′ 0 may be diagonalized by the following two-qubit states,
where |1 and |2 are eigenstates of σ x : σ x |1 = |1 and σ x |2 = −|2 , and |12 denotes that the state of first qubit is |1 and that of second one is |2 . The parameters u and v are given by
Thus, the qubit dependent part of H ′ 0 may be diagonalized as
and U ǫ in Eq. (5) becomes
In this work we consider only the case of weak bias with ǫ/ω c ≤ 10 −5 [1] . At the lowest order of ǫ we can diagonalize H ′ 0 + U ǫ in the space expanded by |A and |B , |A = cos θ|G − sin θ|X , |B = sin θ|G + cos θ|X ,
Then we have
It is easy to see that if the last term in of Eq. (19) is neglected, the ground state of H ′ 0 + U ǫ is |G , and in this work we are mainly concerned with the ground state properties.
In Eq. (19), the coefficient of the transition term
In numerical calculations we use a very small bias ǫ/ω c ≤ 10 −5 to trigger the QPT [1] while staying in the range of ǫ ′ /ω c ≤ 0.05, and consequently, the transition term |G D| + |D G| can be dropped safely. Fortunately, the QCP at α ∼ α c falls within this range, and our numerical calculations are carried out in the range of 0 ≤ α ≤ 1.1α c .
The first-order Hamiltonian H ′ 1 can be recasted as
where h.c. is short for the Hermitian conjugate. Then, if we choose
we have H 
From the variational principle, our theory is to introduce a trial ground state of the original Hamiltonian H (Eq. (1)),
The ground state energy is Eq.(22):
. If σ 0 = 0, Our ground state is the same as the variational ground state of Ref. [13] . But for α ≥ α c , we introduce a finite σ 0 which can be determined by the ground state variation: ∂E g /∂σ 0 = 0. It is easily to prove that ∂E g /∂σ 0 = 0 leads to Eq.(21) for σ 0 .
Furthermore, the ground state average of σ x is
The numerical results of E g and σ x G will be shown in next section.
III Quantum phase transition
We use the same criterion as that used in Ref. [1] to determine the critical coupling in this work, that is, the emergence of a non-zero ground state expectation of σ z as the coupling α increases across some critical point α c . We note that this criterion is different from that of Ref. [13] , where the vanishing of the renormalized tunneling η → 0 is used as the criterion. Since
The ground state average of σ z is
As ǫ/ω c < 10 −5 is very small, Eq.(18) leads to Σ ≈ W − V + K for the delocalized phase. In this phase σ 0 ∼ ǫ is also very small until
where a quantum phase transition occurs, and a finite average σ 
scaling limit of ∆ ≪ ω c , and to the lowest order of ∆/ω c , we have
. (28) Then, Eq. (27) becomes
Then, it is easily seen that α c = 1/8 + O(∆/ω c ) for s = 1, and α c = 0 + O(∆/ω c ) for
In the super-Ohmic regime of s > 1, α c → ∞, and the system is always in the delocalized state in the limit of ǫ → 0. Our estimation is comparable to those of
is also interesting to list the prediction of Ref. [13] : α c = 0.5 for s = 1.
For finite values of ∆/ω c , the QCP can be determined by Eq. (27). it. This explains that in the phase diagram a positive K favors the delocalized phase while a negative K is unfavorable to it. One can see that the phase boundary depends on K very weakly for the ferromagnetic case (K < 0), but for the antiferromagnetic case (K > 0) the delocalized region extends to a larger α c , and the asymptotic line of the phase boundary for a larger K > 0 is given by K r = K − α/s = 0 (K r is the renormalized Ising coupling defined by Ref. [1] ). Fig. 3(a) shows the difference in the ground state energy between our calculation and that in [13] in the presence of an Ohmic bath (s = 1). For the delocalized phase α < α c , our E g is the same as that of Ref. [13] . But above the transition point α ≥ α c , the lower ground state energy indicates that the ansatz of this work is a better one for the real ground state. Also shown in the figure is the calculated value of the parameter σ 0 , which is nearly zero for the delocalized phase (α < α c ), but increases quickly above the transition point. (24)) is the same as that of Ref. [13] for α < α c , and in this regime, the renormalized bias ǫ ′ ≈ ǫ is very small, while for α ≥ α c , ǫ ′ increases quickly. Since our interest is mainly on the QCP, our calculation is restricted to the parameter regime of 0 < α ≤ 1.1α c where ǫ ′ /ω c < 0.05 and the transition term |G D| + |D G| in Eq. (19) can be safely neglected.
Eqs. (25) and (26) are used to get the ground state averages of
as a function of ǫ, α, ∆, or K. As critical exponents are the most interesting QPT properties, we first consider a critical exponent δ defined by
where α, ∆, and K are kept fixed at their critical values. Fig. 4 shows a log-log plot of the relation between σ z and ǫ/ω c for ∆/ω c = 0.1 and K = 0, and α = α c . A series of s values are taken. The filled blue dots in Fig. 2 indicate the transition points in the phase diagram where we cross the phase boundary to calculate the curves in Fig. 4 .
One can see the power-law scaling over more than two orders of magnitude, and the critical exponent δ can be determined from simply fitting the slope. The fitting results are listed in the second column of Table 1 , which are in the close vicinity of δ = 3.
Second, the static susceptibility is related to the critical exponent γ,
where ∆ and K are kept fixed. Fig. 5 shows a log-log plot of the relation between χ and α c − α for various values of s (the transition points are again the filled blue dots in Fig. 2 ). There is a power-law scaling and the critical exponent γ can be determined from simply fitting the slope. The fitting results, which are listed in the third column of Table 1 , are found to be quite close to the value of γ = 1.
Another three critical exponents are defined as follows,
They can be determined in the similar way, that is, by simply fitting the slope in a log-log plot and the results are listed in the fourth (transition points are filled blue dots in Fig. 2 ), fifth (transition points are filled blue dots in Fig. 1 ), and sixth (transition points are red circles in Fig. 2 ) columns of Table 1 . All these fitted exponents are found to be close to 1/2.
We have checked that these extracted exponents are independent of the position in the phase diagram where the phase boundaries are crossed. We note that our trans- Moreover, all the critical exponents listed in Table 1 are independent of the bath index s and this is a feature similar to the mean-field exponents of the quantum Ising model which are independent of the dimension and the coordination number.
IV The entanglement entropy
The reduced system density matrix ρ S is given by tracing the total (system + bath) 
Thus,
Note that there are both the spin operators σ z and the bosonic operators b † k − b k in S. For the trace operation over the bath (Tr B ) we use Eqs. (17), (18), (10), (11) and
and f k = g k (1 − ξ k )σ 0 /2ω k . Now there are no system operators in S + , S − and S 0 so that the cyclic properties of the trace can be used for trace operation in Eq. (36),
Because of the decoupling of the "dark" state 
where λ i (i = 1, 2, 3) are the eigenvalues of the 3 × 3 sub-matrix. As the trace of the density operator is Tr S ρ S = 1, it is easy to prove that 0 ≤ E ≤ 2 [1] . E = 0 indicates the absence of entanglement between the qubits and the bath.
The eigenvalues of ρ S can be calculated numerically. The entanglement entropy E for the Ohmic case of s = 1 is shown in Fig. 6 (a) as a function of the coupling strength α for three values of tunneling ∆ (we set K = 0 and ǫ/ω c = 10 −6 ). When α = 0 there is no entanglement between qubits and environment and E = 0. The entanglement entropy increases with increasing α in the delocalized phase, reaches a plateau and then drops quickly to zero at the transition point α = α c (Here and in the following figures our calculation is restricted to the range 0 < α ≤ 1.1α c because in this range ǫ ′ /ω c < 0.05 and the transition term |G D| + |D G| in Eq.(19) can be safely dropped). As pointed out in Ref. [1] , the plateau indicates that coherence is lost prior to localization, that is, it shows that the system is in the coherent to incoherent crossover before final trapping in the localized phase. and three values of tunneling ∆ (we set K = 0 and ǫ/ω c = 10 −6 ). Obviously, for the sub-Ohmic bath the entanglement entropy reaches a sharp peak right at the transition point and there is no plateau corresponding to the coherent to incoherent crossover. There is a sharp peak at the transition point for both the ferromagnetic (K < 0) and the antiferromagnetic (K > 0) Ising coupling, but the width of the peak of the ferromagnetic coupling is much smaller than that of the antiferromagnetic one.
Finally, in Fig. 8 we show the E versus α relations for s = 1/4, 1/2, 3/4, 9/10, and 1 (from left to right). Here we set Ising coupling K = 0. One can see that with increasing index s a sharp peak (s = 1/4) at the transition point changes gradually (with s = 1/2, 3/4, 9/10) to a plateau (s = 1) on the left side of the peak.
V Discussion and conclusion
We have studied a two-qubit system interacting with a dissipative environment in the ground state, and it is shown that, as a result of the competition between the intrasite tunneling and the intersite correlation, a quantum phase transition to the localized (5)), and renormalization of the Ising coupling K → K − V (Eq. (9)). Selfconsistency calculations have been carried out to determine these modified parameters.
In our work, the unperturbed part of the transformed Hamiltonian H Table 1 . Table 1 . is our result for σ x and the dashed line is that of Ref. [13] . The arrow at the right corner is to indicate the transition point α c ≈ 0.1338. 
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